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Abstract. We review recent work on renormalization group (RG) improved cosmologies based 
upon a RG trajectory of Quantum Einstein Gravity (QEG) with realistic parameter values. In 
particular we argue that QEG effects can account for the entire entropy of the present Universe 
in the massless sector and give rise to a phase of inflationary expansion. This phase is a pure 
quantum effect and requires no classical inflaton field. 



1. Introduction 

After the introduction of the effective average action and its functional renormahzation 
group equation for gravity [1] detailed investigations of the nonperturbative renormalization 
group (RG) behavior of Quantum Einstein Gravity have become possible [1-16]. The exact 
RG equation underlying this approach defines a Wilsonian RG flow on a theory space which 
consists of all diffeomorphism invariant functionals of the metric g^i,. The approach turned out 
to be an ideal setting for investigating the asymptotic safety scenario in gravity [17, 18] and, 
in fact, substantial evidence was found for the nonperturbative renormalizability of Quantum 
Einstein Gravity. The theory emerging from this construction ("QEG") is not a quantization 
of classical general relativity. Instead, its bare action corresponds to a nontrivial fixed point 
of the RG flow and is a prediction therefore. The effective average action [1,20-22] has crucial 
advantages as compared to other continuum implementations of the Wilson RG, in particular it 
is closely related to the standard effective action and defines a family of effective field theories 
{rA:[5/ii/], < k < oo} labeled by the coarse graining scale k. The latter property opens the door 
to a rather direct extraction of physical information from the RG flow, at least in single-scale 
cases: If the physical process or phenomenon under consideration involves only a single typical 
momentum scale po it can be described by a tree-level evaluation of T^lg^^], with k = pQ. The 
precision which can be achieved by this effective field theory description depends on the size 
of the fluctuations relative to the mean values. If they are large, or if more than one scale is 
involved, it might be necessary to go beyond the tree analysis. The RG flow of the effective 
average action, obtained by different truncations of theory space, has been the basis of various 
investigations of "RG improved" black hole and cosmological spacetimes [31-41]. We shall discuss 
some aspects of this method below. 

A special class of RG trajectories obtained from QEG in the Einstein-Hilbert approximation 
[1], namely those of the "Type Ilia" [4], possess all the qualitative properties one would expect 
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from the RG trajectory describing gravitational phenomena in the real Universe we live in. In 
particular they can have a long classical regime and a small, positive cosmological constant in 
the infrared (IR). Determining its parameters from observations, one finds [27] that, according 
to this particular QEG trajectory, the running cosmological constant A(fc) changes by about 
120 orders of magnitude between fc-values of the order of the Planck mass and macroscopic 
scales, while the running Newton constant G{k) has no strong fc-dependence in this regime. For 
k > mpi, the non-Gaussian fixed point (NGFP) which is responsible for the renormalizability of 
QEG controls their scale dependence. In the deep ultraviolet {k oo), A(A:) diverges and G(k) 
approaches zero. 

An immediate question is whether there is any experimental or observational evidence that 
would hint at this enormous scale dependence of the gravitational parameters, the cosmological 
constant in particular. Clearly the natural place to search for such phenomena is cosmology. 
Even though it is always difficult to give a precise physical interpretation to the RG scale 
k is is fairly certain that any sensible identification of k in terms of cosmological quantities 
will lead to a A; which decreases during the expansion of the Universe. As a consequence, 
A{k) will also decrease as the Universe expands. Already the purely qualitative assumption 
of a positive and decreasing cosmological constant supplies an interesting hint as to which 
phenomena might reflect a possible A-running. To make the argument as simple as possible. 




Figure 1. The left panel shows the quasi-Newtonian potential corresponding to de Sitter 
space. The curve moves upward as the cosmological constant decreases. On the right panel the 
"realistic" RG trajectory of Section 3 is shown. 

let us first consider a Universe without matter, but with a positive A. Assuming maximal 
symmetry, this is nothing but de Sitter space, of course. In static coordinates its metric is 
ds^ = -(1 + 2^K{r))df + (1 + 2$N(r))-^cir2 + r'^{d9'^ + sin^^d^^) ^^^-^ = -g A r^. In 

the weak field and slow motion limit $n has the interpretation of a Newtonian potential, with a 
correspondingly simple physical interpretation. The left panel of Fig.l shows $n as a function of 
r; for A > it is an upside-down parabola. Point particles in this spacetime, symbolized by the 
black dot in Fig.l, "roll down the hill" and are rapidly driven away from the origin and from any 
other particle. Now assume that the magnitude of |A| is slowly ( "adiabatically" ) decreased. This 
will cause the potential $n (r) to move upward as a whole, its slope decreases. So the change 
in A increases the particle's potential energy. This is the simplest way of understanding that 
a positive decreasing cosmological constant has the effect of "pumping" energy into the matter 
degrees of freedom. More realistically one will describe the matter system in a hydrodynamics 
or quantum field theory language and one will include its backreaction onto the metric. But the 
basic conclusion, namely that a slow decrease of a positive A transfers energy into the matter 
system, will remain true. 



We are thus led to suspect that, because of the decreasing cosmological constant, there is a 
continuous inflow of energy into the cosmological fluid contained in an expanding Universe. It 
will "heat up" the fluid or, more exactly, lead to a slower decrease of the temperature than in 
standard cosmology. Furthermore, by elementary thermodynamics, it will increase the entropy 
of the fluid. If during the time dt an amount of heat dQ > is transferred into a volume V at 
the temperature T the entropy changes by an amount dS = dQ/T > 0. To be as conservative 
(i.e., close to standard cosmology) as possible, we assume that this process is reversible. If not, 
dS is even larger. 

In standard Priedmann-Robertson- Walker (FRW) cosmology the expansion is adiabatic, the 
entropy (within a comoving volume) is constant. It has always been somewhat puzzling therefore 
where the huge amount of entropy contained in the present Universe comes from. Presumably it 
is dominated by the CMBR photons which contribute an amount of about 10^^ to the entropy 
within the present Hubble sphere. (We use units such that fee = 1. ) In fact, if it is really 
true that no entropy is produced during the expansion then the Universe woTild have had an 
entropy of at least 10^^ immediately after the initial singularity which for various reasons seems 
quite unnatural. In scenarios which invoke a "tunneling from nothing" , for instance, spacetime 
was "born" in a pure quantum state, so the very early Universe is expected to have essentially 
no entropy. UsTially it is argued that the entropy present today is the result of some sort of 
"coarse graining" which, however, typically is not considered an active part of the cosmological 
dynamics in the sense that it would have an impact on the time evolution of the metric, say. 

In [27] we argued that in principle the entire entropy of the massless fields in the present 
universe can be understood as arising from the mechanism described above. If energy can be 
exchanged freely between the cosmological constant and the matter degrees of freedom, the 
entropy observed today is obtained precisely if the initial entropy at the "big bang" vanishes. 
The assumption that the matter system must allow for an unhindered energy exchange with A 
is essential, see refs. [25,27]. 

There is another, more direct potential consequence of a decreasing positive cosmological 
constant, namely a period of automatic inflation during the very first stages of the cosmological 
evolution. It is not surprising, of course, that a positive A can cause an accelerated expansion, 
but in the classical context the problem with a A-driven inflation is that it would never terminate 
once it has started. In popular models of scalar driven inflation this problem is circumvented 
by designing the inflaton potential in such a way that it gives rise to a vanishing vacuum energy 
after a period of "slow roll" . 

As we are going to review in these notes generic RG cosmologies based upon the QEG 
trajectories have an era of A-drivcn inflation immediately after the big bang which ends 
automatically as a consequence of the RG running of A (A;). Once the scale k drops significantly 
below mpi, the accelerated expansion ends because the vacuum energy density p\ is already too 
small to compete with the matter density. Clearly this is a very attractive scenario: neither 
to trigger inflation nor to stop it one needs any ad hoc ingredients such as an inflaton fi,eld, or 
a special potential. It suffices to include the leading quantum effects in the gravity + matter 
system. Furthermore, asymptotic safety offers a natural mechanism for the quantum mechanical 
generation of primordial density perturbations, the seeds of cosmological structure formations. 

In these notes we review a concrete investigation along these lines. For further details we 
refer to [25,27]. 

2. The improved Einstein equations 

The computational setting of our investigation [27] are the RG improved Einstein equations: 
By means of a suitable cutoff identification k = k{t) we turn the scale dependence of G{k) 
and A.{k) into a time dependence, and then substitute the resulting G{t) = G{k{t)) and 
A{t) = A{k{t)) into the Einstein equations G^i, = —K{t)g^i, + %'KG{t)T^i,. We specialize g^j^i, 



to describe a spatially flat {K = 0) Robertson- Walker metric with scale factor a{t), and we take 
T^'^ = diag[—p, p,p,p] to be the energy momentum tensor of an ideal fluid with equation of state 
p = wp where > — 1 is constant. Then the improved Einstein equation boils down to the 
modified Friedmann equation and a continuity equation: 

= yOWp + jAW (2.1a) 

p + 3H(, + rt = -A±5^ (2.1b) 

The modified continuity equation (I2.1b|) is the integrability condition for the improved Einstein 
equation implied by Bianchi's identity, D'^[—A{t)g^i, + 87rG(t)T^,y] = 0. It describes the energy 
exchange between the matter and gravitational degrees of freedom (geometry). For later use 
let us note that upon defining the critical density pcnt {t) = 3 H{tf/STT G{t) and the relative 
densities JIm = p/Pcrit and Q.\ = pa/PctH the modified Friedmann equation ()2.1ap can be written 
as nM{t) + ^Ait) = 1. 

We shall obtain G{k) and A{k) by solving the flow equation in the Einstein-Hilbert truncation 
with a sharp cutoff [1,4]. It is formulated in terms of the dimensionless Newton and cosmological 
constant, respectively: g{k) = k"^ G{k), X{k) = A{k)/k'^. We then construct quantum corrected 
cosmologies by (numerically) solving the RG improved evolution equations. We shall employ 
the cutoff identification 

k{t) = CH{t) (2.2) 

where ^ is a fixed positive constant of order unity. This is a natural choice since in a Robertson- 
Walker geometry the Hubble parameter measures the curvature of spacetime; its inverse 
defines the size of the "Einstein elevator" . Thus we have 

^W = fP|P' A{t)=eH{tfX{mt)) (2.3) 

One can prove that all solutions of the coupled system of differential equations <\2.1a\ I2.1b|l can 
be obtained by means of the following algorithm: 

Let ( g{k), \{k) I be a prescribed RG trajectory and H{t) a solution of 
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H{t) = -^(3 + 3w)H{tf l-^C^ K^H{t)) (2.4) 
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Let p{t) be defined in terms of this solution by 
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Pit) = . 1 - o r K^Hit)) H{tf (2.5) 
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Then the pair \^H{t), p{t)j is a solution of the system (12. lap . (I2.1bp for the time dependence of 
G and A given by (12.30 and the equation of state p = wp, provided H{t) ^ 0. 



3. RG trajectory with realistic parameter values 

Before we start solving the modified field equations let us briefly review how the type 
Ilia trajectories of the Einstein-Hilbert truncation can be matched against the observational 
data [24]. This analysis is fairly robust and clearcut; it does not involve the NGFP. All that 
is needed is the RG flow linearized about the Gaussian fixed point (GFP) which is located at 
g = X = 0. In its vicinity one has [1] A{k) = Aq+u G k^ + - • • and G{k) = G+- • • . Or, in terms of 



the dimensionless couplings, X{k) = Ao/k'^ -{-u G k'^ + ■ ■ ■ , g{k) = G k'^ + - ■ ■ . In the hnear regime 
of the GFP, A displays a running oc /c^ and G is approximately constant. Here is a positive 
constant of order unity [1,4], v = ■^^\{'^)- These equations are valid if \{k) <^ 1 and g{k) <C 1. 
They describe a 2-parameter family of RG trajectories labeled by the pair (Aq, G). It will prove 
convenient to use an alternative labeling (At, ^t) with At = {4:uAqG)^^^ and /ct = {Aq/i'G)^^^. 
The old labels are expressed in terms of the new ones as Aq = ^At k^ and G = Xt/2i> k^. It 
is furthermore convenient to introduce the abbreviation ^t = At/2z^. When parameterized by 
the pair (At, ^t) the trajectories assume the form 
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or, in dimensionless form, 
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As for the interpretation of the new variables, it is clear that At = A(fc = /ct) and ^t = dik = 
/ct), while A;t is the scale at which (3\ (but not f3g) vanishes according to the linearized running: 
I3\{k-j^) = kdX{k) /dk\k=kT = 0. Thus we see that (a'TjAt) are the coordinates of the turning 
point T of the type Ilia trajectory considered, and /ct is the scale at which it is passed. It 
is convenient to refer the "RG time" r to this scale: t(A;) = ln(A;/A;T). Hence r > (r < 0) 
corresponds to the "UV regime" ("IR regime") where k > k^^ {k < k^). 

Let us now hypothesize that, within a certain range of fc-values, the RG trajectory realized in 
Nature can be approximated by (13. 2p . In order to determine its parameters (Aq, G) or (At, ^t) 
we must perform a measurement of G and A. If we interpret the observed values Gobserved = ^pi, 
mpi « 1.2 X lO^^GeV, and Aobserved = SQAo-f^o ~ 10~^^°m|j as the running G{k) and A{k) 
evaluated at a scale <C A^t, then we get from (|3.ip that Aq = Aobserved and G = Gobserved- 
Using the definitions of At and k-j^ along with v = 0(1) this leads to the order-of-magnitude 



estimates q't ~ At ~ 10 and k^ 
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mpi « (10 •^cm) . Because of the tiny values of 



gT and At the turning point lies in the linear regime of the GFP. 

Up to this point we discussed only that segment of the "trajectory realized in Nature" which 
lies inside the linear regime of the GFP. The complete RG trajectory obtains by continuing this 
segment with the flow equation both into the IR and into the UV, where it ultimately spirals 
into the NGFP. While the UV-continuation is possible within the Einstein-Hilbert truncation, 
this approximation breaks down in the IR when A(A:) approaches 1/2. Interestingly enough, this 
happens near k = Hq, the present Hubble scale. The right panel of Fig.l shows a schematic 
sketch of the complete trajectory on the g-X-plane and Fig.2 displays the resulting /c-dependence 
of G and A. 



4. Primordial entropy generation 

Let us return to the modified continuity equation ()2.1bp . After multiplication by it reads 



[p + 3H{p + p)]a^ = ^{t) (4.1) 

where we defined 

)a' (4.2) 
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Without assuming any particular equation of state eq. ()4.ip can be rewritten as 



±{pa')+p±{a') = ^{t) (4.3) 

The interpretation of this equation is as follows. Let us consider a unit coordinate, i.e. comoving 
volume in the Robertson- Walker spacetime. Its corresponding proper volume is V = and its 
energy contents is U = pa^. The rate of change of these quantities is subject to (|4.3p : 

dU dV ~, , , , , , 

In classical cosmology where ^ = {) this equation together with the standard thermodynamic 
relation dU + pdV = TdS is used to conclude that the expansion of the Universe is adiabatic, 
i.e. the entropy inside a comoving volume does not change as the Universe expands, dS/dt = 0. 

Here and in the following we write 5 = 80? for the entropy carried by the matter inside a 
unit comoving volume and s for the corresponding proper entropy density. 

When A and G are time dependent, ^ is nonzero and we interpret (|4.4p as describing the 
process of energy (or "heat") exchange between the scalar fields A and G and the ordinary 
matter. This interaction causes S to change: 

The actual rate of change of the comoving entropy is 

where ^ 

^ = ^/T (4.7) 

If T is known as a function of t we can integrate (14. Sh to obtain S = S{t). In the RG improved 
cosmologies the entropy production rate per comoving volume 
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is nonzero because the gravitational "constants" A and G have acquired a time dependence. 

Clearly we can convert the heat exchanged, TdS, to an entropy change only if the dependence 
of the temperature T on the other thermodynamical quantities, in particular p and p is known. 
For this reason we shall now make the following assumption about the matter system and its 
(non-equilibrium! ) thermodynamics : 

The matter system is assumed to consist of n^s = nb + |raf species of effectively massless 
degrees of freedom which all have the same temperature T. The equation of state is p = p/3, i.e. 
vu = 1/3, and p depends on T as 

p{T) = T\ K ^ {tt^ neff/30)^/4 (4.9) 

No assumption is made about the relation s = s{T). 

The first assumption, radiation dominance and equal temperature, is plausible since we shall 
find that there is no significant entropy production any more once H{t) has dropped substantially 
below mpi. The second assumption, eq. ()4.9p . amounts to the hypothesis that the injection of 
energy into the matter system disturbs its equilibrium only very weakly. The approximation is 



that the equilibrium relations among p, p, and T are still valid in the non-equilibrium situation 
of a cosmology with entropy production [33] . 

By inserting p = p/3 and ()4.9p into the modified continuity equation the entropy production 
rate can be seen to be a total time derivative: ^{t) = -^[^Ka^ p^^^]. Therefore we can 
immediately integrate (fOjl and obtain S{t) = ^Ka^p^^'^ + s{t) = ^Kp{tf/'^ + Here 5c 

is a constant of integration. In terms of T, using (j4.9p again, 

.W = ^n.«T(tf + Jjj (4.10) 

The final result ()4.10p is very remarkable for at least two reasons. First, for = 0, eq. (l4.10p 
has exactly the form valid for radiation in equilibrium. Note that we did not postulate this 
relationship, only the p(T)-law was assumed. The equilibrium formula s oc was derived from 
the cosmological equations, i.e. the modified conservation law. This result makes the hypothesis 
"non-adiabatic, but as little as possible" selfconsistent. 

Second, if limt_^o 0'{t)p{t)^^^ = 0, which is actually the case for the most interesting class of 
cosmologies we shall find, then S{t ^ 0) = Sc- As we mentioned in the introduction, the most 
plausible initial value of S is 5" = which means a vanishing constant of integration Sc here. 
But then, with Sc = the entire entropy carried by the massless degrees of freedom is due to the 
RG running. So it indeed seems to be true that the entropy of the CMBR photons we observe 
today is due to a coarse graining but, unexpectedly, not a coarse graining of the matter degrees 
of freedom but rather of the gravitational ones which determine the background spacetime the 
photons propagate on. 



5. Solving the RG improved Einstein Equations 

In [27] we solved the improved Einstein equations (|2.1at I2.1bp for the trajectory with realistic 
parameter values which was discussed in Section 3. The solutions were determined by applying 
the algorithm described at the end of Section 2. Having fixed the RG trajectory, there exists 
a 1-parameter family of solutions {H{t),p{t)). This parameter is conveniently chosen to be the 
relative vacuum energy density in the fixed point regime, 

The very early part of the cosmology can be described analytically. For A; — > oo the trajectory 
approaches the NGFP, {g,X) — > {g^,X^), so that G{k) = g^/k'^ and A(A;) = A^/c^. In this case 
the differential equation can be solved analytically, with the result 



H{t) = a/t, a{t) = Ae, 



a 



{3 + 3w)il-i^X) 



(5.1) 



and p{t) = pt''^, G{t) = Gt^, A(t) = K/t^. Here A, p, G, and A are positive constants. They 
depend on which assumes values in the interval (0, 1). If a > 1 the deceleration parameter 
q = — 1 is negative and the Universe is in a phase of power law inflation. Furthermore, it 
has no particle horizon if a > 1, but does have a horizon of radius dn = t/(l — a) if a < 1. In 
the case oi w = 1/3 this means that there is a horizon for < 1/2, but none if > 1/2. 

If w = 1/3, the above discussion of entropy generation applies. The corresponding production 
rate reads ^{t) = 4k (a — 1) A^ p^/^ For the entropy per unit comoving volume we find, 

if a / 1, S{t) = 5c + |k A^ p3/4 ^3(a-i)^ i-j^g corresponding proper entropy density is 

s(0 = A^fs^ + For the discussion of the entropy we must distinguish 3 qualitatively 

different cases. 

(a) The case a > 1, i.e. 1/2 < Q.*^ < 1: Here ^{t) > so that the entropy and energy 
content of the matter system increases with time. By eq. (l4.8p . ,0^ > implies A + SnpG < 0. 
Since A < but G > in the NGFP regime, the energy exchange is predominantly due to the 
decrease of A while the increase of G is subdominant in this respect. 



The comoving entropy S(t) has a finite hmit for i — > 0, S(t 0) = Sc, and S(t) grows 
monotonically for t > 0. If = 0, which would be the most natural value in view of the 
discussion in the introduction, all of the entropy carried by the matter fields is due to the energy 
injection from A. 

(b) The case a < 1, i.e. < Cl\ < 1/2: Here ^{t) < so that the energy and entropy 
of matter decreases. Since ^ < amounts to A + SirpG > 0, the dominant physical effect is 

the increase of G with time, the counteracting decrease of A is less important. The comoving 
entropy starts out from an infinitely positive value at the initial singularity, 5(4 — > 0) — > +oo. 
This case is unphysical probably. 

(c) The case a = I, i.e. Q\ = 1/2: Here ^{t) = 0, S{t) = const. The effect of a decreasing 

A and increasing G cancel exactly. 

At lower scales the RG trajectory leaves the NGFP and very rapidly "crosses over" to the 
GFP. This is most clearly seen in the behavior of the anomalous dimension rj}^{k) = kdk In G{k) 
which quickly changes from its NGFP value ij^, = —2 to the classical ?7n = 0. This transition 
happens near k ~ mpi or, since k{t) ~ H{t), near a cosmological "transition" time ttr defined 
by the condition k{ttr) = ^H{ttr) = mp\. (Recall that ^ = 0(1)). The complete solution to 
the improved equations can be found with numerical methods only. It proves convenient to use 
logarithmic variables normalized with respect to their respective values at the turning point. 
Besides the "RG time" r = ln(k/kT), we use x = ln(a/aT), y = ln(i/iT), and U = ln(H/HT)- 

Summarizing the numerical results one can say that for any value of Q\ the UV cosmologies 
consist of two scaling regimes and a relatively sharp crossover region near k,H ~ mpy 
corresponding to x ^ —34.5 which connects them. At higher A;-scales the fixed point 
approximation is valid, at lower scales one has a classical FRW cosmology in which A can 
be neglected. 




Figure 2. The dimensionful quantities A{k) and G{k) for the RG trajectory with realistic 
parameter values. 

As an example, Fig.3 shows the crossover cosmology with Q,\ = 0.98 and w = 1/3. The 
entropy production rate ^ is maximum at ttr and quickly goes to zero for t > ttr; it is 
non-zero for all t < itr- By varying the fi^- value one can check that the early cosmology is 
indeed described by the NGFP solution (5.1). For the logarithmic H vs. a- plot, for instance, 
it predicts U = —2(1 — 0,\)x for x < —34.4. The left part of the plot in Fig.3a and its 



a) 




Figure 3. The crossover epoch of the cosmology for = 0.98. The plots a), b), c) display the 
logarithmic Hubble parameter as well as g, f^Aj 9 and A as a function of the logarithmic scale 
factor X. A crossover is observed near x « —34.5. The diamond in plot d) indicates the point on 
the RG trajectory corresponding to this x-value. (The lower horizontal part of the trajectory is 
not visible on this scale.) The plots c) and f) show the x-dependence of the anomalous dimension 
and entropy production rate, respectively. 



counterparts with different values of indeed comply with this relation. If G (1/2, 1) we 
have a = (2 — 2ri^)~^ > 1 and a{t) oc describes a phase of accelerated power law inflation. 

When Q.\ y 1 the slope of U{x) = —2(1 — J7^)x decreases and finally vanishes at Q\ = 1. 
This limiting case corresponds to a constant Hubble parameter, i.e. to dc Sitter space. For 
values of smaller than, but close to 1 this de Sitter limit is approximated by an expansion 
a oct"' with a very large exponent a. 

The phase of power law inflation automatically comes to a halt once the RG running has 
reduced A to a value where the resulting vacuum energy density no longer can overwhelm the 
matter energy density. 

6. Inflation in the fixed point regime 

Next we discuss in more detail the epoch of power law inflation which is realized in the 
NGFP regime if fl\ > 1/2. Since the transition from the fixed point to the classical FRW 
regime is rather sharp it will be sufficient to approximate the RG improved UV cosmologies by 
the following caricature : For < t < ttr, the scale factor behaves as a{t) ex t", a > 1. Here 
a = (2 — 2i7^)~^ since w = 1/3 will be assumed. Thereafter, for t > ttr, we have a classical. 



entirely matter-driven expansion a{t) oc t^^^ 



6.1. Transition time and apparent initial singularity 

The transition time ttr is dictated by the RG trajectory. It leaves the asymptotic scaling 
regime near k ~ mpi. Hence H{ttT) ~ mpi and since ^ = 0(1) and H{t) = a/t we find the 
estimate 

ttr = a*pi (6.1) 

Here, as always, the Planck mass, time, and length are defined in terms of the value of Newton's 
constant in the classical regime : tpi = ipi = rup^ = G^l'^ = G^^^^^^^^. Let us now assume that 
is very close to 1 so that a is large: a ^ 1. Then ()6.ip implies that the transition takes 
place at a cosmological time which is much later than the Planck time. At the transition the 
Hubble parameter is of order mpi, but the cosmological time is in general not of the order of 
tpi. Stated differently, the "Planck time" is not the time at which H and the related physical 
quantities assume Planckian values. The Planck time as defined above is well within the NGFP 
regime: tpi = ttr/a ^ ^tr- 

At t = ttr the NGFP solution is to be matched continuously with a FRW cosmology (with 
vanishing cosmological constant ). We may use the classical formula a oc \/t for the scale factor, 
but we must shift the time axis on the classical side such that a, H, and then as a result of ()2.1ap 
also p are continuous at ttr- Therefore a{t) oc (t — tas)^^^ and H{t) = ^ {t — tas)^^ for t > ttr- 
Equating this Hubble parameter at t = ^tr to H{t) = a/t, valid in the NGFP regime, we find 
that the shift ^as niust be chosen as t^s = {a — ^)tp\ = (1 — ^)ttr < ^tr- Here the subscript 
'as' stands for "apparent singularity". This is to indicate that if one continues the classical 
cosmology to times t < ttr, it has an initial singularity ("big bang") at t = tas- Since, however, 
the FRW solution is not valid there nothing special happens at tas! the true initial singularity 
is located at t = in the NGFP regime. (See Fig. 4.) 



6.2. Crossing the Hubble radius 

In the NGFP regime < t < ttr the Hubble radius init) = l/H{t), i.e. luit) = t/a , 
increases linearly with time but, for a 1, with a very small slope. At the transition, the slope 
jumps from 1/a to the value 2 since H = l/(2t) and in = 2t in the FRW regime. This behavior 
is sketched in Fig. 4. 

Let us consider some structure of comoving length Ax, a single wavelength of a density 
perturbation, for instance. The corresponding physical, i.e. proper length is L[t) = a(t)Ax 
then. In the NGFP regime it has the time dependence L{t) = (t/ttr)" L{ttr). The ratio of L{t) 
and the Hubble radius evolves according to = (j^)"~^ i^ltt) ' '^^'^ a > 1, i.e. ^\ > 1/2, 
the proper length of any object grows faster than the Hubble radius. So objects which are of 
"sub-Hubble" size at early times can cross the Hubble radius and become "super-Hubble" at 
later times, see Fig. 4. 

Let us focus on a structure which, at t = ttr; is times larger than the Hubble radius. 
Before the transition we have L{t)/i}i{t) = (t/ttr)"""^- Assuming > 1, there exists a time 
tN < ttr at which L{tj\f) = in{t]\f) so that the structure considered "crosses" the Hubble radius 
at the time t^. It is given by 

/ N \ 

tN = ttr exp (6.2) 

V a — 1/ 

What is remarkable about this result is that, even with rather moderate values of a, one can 
easily "infiate" structures to a size which is by many e-folds larger than the Hubble radius during 
a very short time interval at the end of the NGFP epoch. 

Let us illustrate this phenomenon by means of an example, namely the choice = 0.98 used 
in Fig. 3. Corresponding to 98% vacuum and 2% matter energy density in the NGFP regime. 



L,/h 




Figure 4. Shown is the proper length L and the Hubble radius as a function of time. The NGFP 
and FRW cosmologies are valid for t < ttr and t > itn respectively. The classical cosmology has 
an apparent initial singularity at tas outside its domain of validity. Structures of size e^ip\ at 
ttr cross the Hubble radius at i^r, a time which can be larger than the Planck time. 

this value is still "generic" in the sense that is not fine tuned to equal unity with a precision 
of many decimal places. It leads to the exponent a = 25, the transition time ttr = 25 tpi, and 
tas = 24.5 tpi. 

The largest structures in the present Universe, evolved backward in time by the classical 
equations to the point where H = mpi, have a size of about e^" ipi there. We can use (16. 2p 
with = 60 to find the time tgo at which those structures crossed the Hubble radius. With 
a = 25 the result is tgo = 2.05 tpi = ttr/12.2. Remarkably, tgo is smaller than ttr by one order of 
magnitude only. As a consequence, the physical conditions prevailing at the time of the crossing 
are not overly "exotic" yet. The Hubble parameter, for instance, is only one order of magnitude 
larger than at the transition: i?(t6o) ~ 12mpi. The same is true for the temperature; one can 
show that T^tgo) ~ 12T(ttr) where T(ttr) is of the order of mp\. Note that tgo is larger than tpi. 

6.3. Primordial density fluctuations 

QEG offers a natural mechanism for generating primordial fluctuations during the NGFP 
epoch. They have a scale free spectrum with a spectral index close to n = 1. This mechanism is 
at the very heart of the "asymptotic safety" underlying the nonperturbative renormalizability 
of QEG. A detailed discussion of this mechanism is beyond the scope of the present review; 
the reader it referred to [5,25,27]. Suffice it to say that the quantum mechanical generation 
of the primordial fluctuations happens on sub-Hubble distance scales. However, thanks to the 
inflationary NGFP era the modes relevant to cosmological structure formation were indeed 
smaller than the Hubble radius at a sufficiently early time, for t < tQo, say. (See the L{t) curve 
in Fig. 4.) 

7. Conclusions 

We advocated the point of view that the scale dependence of the gravitational parameters has 
an impact on the physics of the Universe we live in and we tried to identify known features of 
the Universe which could possibly be due to this scale dependence. We proposed three possible 
candidates for such features: the entropy carried by the radiation which fills the Universe today, 
a period of automatic, A-driven inflation that requires no ad hoc inflaton, and the primordial 
density perturbations. While there is clearly no direct observational evidence for inflation it can 



explain super-Hubble sized perturbations. For further details we refer to [27]. 
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